In this paper we derive the following two properties: the first one is a precise representation of WKB solution to the Cauchy problem of a linear wave equation with a variable coefficient with respect to time, and the second one is the global solvability for Kirchhoff equation in some special classes of nonrealanalytic functions, which is proved by grace of the first property.
Introduction
We study the following Cauchy problem:
where a(t) is a positive continuous function on [0, T ). In particular, the equation of (1.1) is called Kirchhoff equation if the function a(t), which describes the propagation speed, contains a nonlinearity depending the total elastic energy of the solution such as
Let us briefly recall some previous results concerning the global solvability of initial or initial boundary value problems for Kirchhoff equation.
The first result of global solvability for Kirchhoff equation was established by Bernstein in [1] for analytic initial data. The local solvability was also proved in a suitable order of Sobolev space, but no one has succeeded to prove the existence of nonglobal solution in H ∞ ; thus the global solvability for non-analytic initial data has been deep open problem still now on. Here we note that the small data global existence has already proved by Greenberg and Hu in [3] .
There are not many results to deal with the existence of non-analytic global solution for large data. Actually, there are big difficulties to extend the class of the initial data for the global solvability from analytic class, and no one has succeeded to extend the class dramatically, for instance, H ∞ or Gevrey class. The following class of initial data was introduced by Pohozaev in [12] :
Nishihara in [11] (see also [4] ) introduced the class of quasi-analytic functions:
R n q |ξ | E(0, ξ) dξ < ∞ , where
u denotes the partial Fourier transformation with respect to x, and q is a positive, continuous and strictly increasing function satisfying
The new classes, which were introduced by Manfrin in his recent papers [9, 10] , are described by B := (u 0 , u 1 ): ∃η > 0, ∃{ρ j } ∈ L s.t. All of the classes H , H Q , B , B (2) and B (3) for the initial data ensure the global solvability for the Cauchy problem of Kirchhoff equation (1.1), (1.2) . According to [10] , the following properties are valid to these classes: (2) and B (2) 
2 ) ⊂ B (3) with strict inclusions;
Moreover, in [9, 10] , the following properties were proved: (2) and B (3) do not contain compact supported functions.
One of our main results of the present paper is a generalization of Manfrin's results. Precisely, the theorems are given as follows. 
2 ) ⊂ B (m+1) with strict inclusion;
(m) does not contain any compact supported functions.
The proof to the properties of Theorem 1.3 are exactly same as the proof in [9, 10] . We shall only give the proof of (ii) in Appendix A.1. Remark 1.3. Actually, in [10] the author considered more general nonlinearity than (1.2) such as
with strictly positive functions F (r) ∈ C 3 (respectively C 2 ), and proved the global existence for the initial data in B (3) (respectively B (2) ). Actually, we restricted ourselves that F (r) = 1 + r, hence F (r) ∈ C ∞ . However, such a restriction never makes our problem easier. Indeed, we can easily prove the same conclusion for the general nonlinearity (1.4) with F (r) ∈ C ∞ . Remark 1.4. The restrictions to the space dimension and the boundary condition are possible to be crucial problems if we consider the small data global existence. However, they are not essential on the problems for large data global existence, such as we are considering in the present paper. Hence we did not make a mention of such conditions when we introduced the history concerning with Kirchhoff equation above.
The key lemmas for the conclusions of [9, 10] are some estimates of microenergies for the linear problem. Actually, the main reason why the class of the initial data could be extended from B in [9] to B (3) in [10] because of an improvement of properties for the linear problem. Theorem 1.2 is also a consequence of a new property for linear problem, and they follow from a precise representation of WKB solution. The representation of WKB solution for the linear problem (1.1) helps to consider the asymptotic behavior of the solution precisely. This method was developed by Reissig and Yagdjian [13] and Yagdjian [14] for L p -L q decay estimates, by Kubo and Reissig [7] and Colombini, Del Santo and Reissig [2] for the C ∞ well-posedness with non-Lipschitz continuous coefficients. Furthermore, in [5] (see also [8] 
for some positive constants
, which is given by
The essential point of Theorem 1.4 is the estimate of the amplitude (1.8) for the WKB solution represented by (1.7) taking account of the higher order derivatives of a(t). We consider the case where a(t) has a singularity at t = T , hence the integral of (1.8) will be unbounded as t → T . This property will be rewritten for the estimate of |ξ | by (1.9), which describes the order of loss of regularity of the solution as t → T . 
The type of estimate (1.10) was introduced only for m 2 in the papers before [10] , at least for the investigation to the global solvability of Kirchhoff equation. In [10] , the global solvability was proved in the class B (3) by the grace of finding an effective microenergy, which is equivalent to the estimate (1.10) with m = 3. Thus, it is a natural expectation from the property above that the estimate (1.10) with general positive integers m brings the property of Theorem 1.4.
Representation of WKB solution for the linear problem
In this section, we shall prove Theorem 1.4. By partial Fourier transformation with respect to x, the Cauchy problem (1.1) is rewritten as follows:
where
Let N 1 be a positive real number, to be chosen later. We define
, where λ 0 (t) was defined in (1.6) and λ(t) is a continuous monotone increasing function satisfying
Then the classes of functions
Here we note that the following hierarchy of the spaces S k l immediately follows from the definition on 
Let us denote
Then the equation of (2.1) is represented as the following system:
We define M 0 and V 1 by
Then we have
and
it follows that V 1 is a solution of the equation
This process is called the first step of diagonalization procedure taking account of hyperbolicity of the equation. We shall carry out further steps of diagonalization procedures from the benefit of regularity of the coefficient. We define M j for j = 1, . . . , m − 1 by
, where
for some functions β j = β j (t, ξ ) and τ j ± = τ j ± (t, ξ ). Suppose that ν j are real-valued and the following conditions hold:
for j = 1, . . . , m − 1. It follows that M j are invertible and the inverses M −1 j are represented by
We define Λ j , and B j for j = 2, . . . , m − 1 by
respectively. Then we have
Moreover, we have
where f = ∂ t f . Consequently, we obtain
We supposed that ν j are real-valued. Then τ (j +1)± , (B j +1 ) 12 and (B j +1 ) 21 are represented as follows:
where we used the equalities:
Moreover, we have 4) it follows that ν j +1 is real-valued. Actually, ν 1 is real-valued from the definition, hence ν j are real-valued for all j m − 2. Summarizing the considerations above, we arrive at the following representations for Λ j +1 and B j +1 :
where we note that .2) holds. The crucial points of this diagonalization procedure are the inductive representations of the diagonal matrices Λ j and the antidiagonal matrices B j . The real parts of the diagonal components τ j ± can be taken to the phase parts of the WKB solution. The imaginary parts of τ j ± will be dealt with the amplitude of the WKB solution after integrating with respect to t, but the uniform boundedness of these integrals can be verified from their explicit formulas; thus they have no influence on the order of the amplitude. The special structure of the antidiagonal matrices B j provide the next step of the diagonalization procedure continuously. The components of B j will be taken to the amplitude of the WKB solution after integrating, and they will be unbounded near t = T , in general. However, such singularities can be improved as each steps of diagonalization procedure, in particular for large |ξ |, which is the key point on the proof of Theorem 1.4. Precisely, this property is given as the following lemma. Lemma 2.1. There exists a positive constant N 1 of (1.9) such that 
for C/(ν j − N j ) ε; thus the size of δ j can be chosen arbitrarily small by taking N sufficiently large. Noting that β j /ν j ∈ S −j +1 j and (β j /ν j ) ∈ S −j +1 j +1 , we have
Therefore, we obtain
and thus a suitable choice of ε guarantees the existence of positive constants ν (j +1)± satisfying
Let us carry out an elliptic transformation, which is the final step for the representation of WKB solution. Firstly, we note the followings:
Therefore, the matrix Θ j of our elliptic transformation for the diagonal matrix Λ j is given by
thus we arrive at the following equality of operators 
T (N, ξ) .
At the end of the proof, we shall go back to our starting equation. Recalling (2.8) and that
we have for some functions p j ± and q j ± satisfying
where α k are multi-indexes of Z k + and
Therefore, actually the constant C 1 can depend on t, and be described by
Here ε(N) can be taken arbitrarily small by taking the parameter N large.
Global solvability for Kirchhoff equation
In this section we prove the global solvability for Kirchhoff equation (1.1), (1.2) owing to Corollary 1.1. The idea of the proof is based on [10] .
By partial Fourier transformation with respect to x, the Cauchy problem (1.1), (1.2) is rewritten as follows:
Here we introduce the following notations:
. It follows that there exist positive real numbers η, K 0 , and a sequence {ρ j } ∈ L such that
We shall apply the conclusions for the linear problem (1.1). The lower bound of the assumption (1.5) holds for a 0 = 1. On the other hand, the existence of upper bound a 1 follows from a virtue of Kirchhoff equation, which is called the energy conservation law.
Lemma 3.1 (Energy conservation law). If the classical solution of Kirchhoff equation (3.1) exists on [0, T ), then the following energy conservation law is established:
Proof. We have from the definition of e 0 (t) that e 0 (t) ≡ 0, it follows that the identity (3.3) holds. 2
By Lemma 3.1 and the evident properties E 0 (t)/2 e 0 (t) E 0 (t), we immediately have
as far as the classical solution of (3.1) exists on [0, T ). The energy conservation law ensures the uniform boundedness of 0th order energy E 0 (t). On the other hand, such a nice property cannot be expected for the higher order energy E k (t) with k > 0 in general. Indeed, the main difficulty in the proof of the global solvability for Kirchhoff equation is to derive some uniform boundedness for higher order energy. We shall prove it below that the choice of initial data in the space B (m) with m 1 guarantees the boundedness of higher order energy E m/2 (t). Precisely, the proof is performed by contradiction; the non-existence of blow-up time T of E m/2 (t):
If such a T does not exist, then E m/2 (t) must be finite for any t, which implies the existence of the unique global solution of (3.1).
Remark 3.1. E k (·) (k 0) describe norms of homogeneous Sobolev spaces in R n , hence any embedding properties for different order of the energies cannot be expected, in general. However, the boundedness of E 0 (·) is ensured by the energy conservation law for Kirchhoff equation, thus the boundedness of E k (·) guarantees the boundedness of all lower order energies.
The main tool for the proof of Theorem 1.2 has already prepared as Corollary 1.1. Let us reduce our nonlinear problem to linear problem for applying this property. Actually, the nonlinearity of Kirchhoff equation has a nice property to reduce the linear equation with variable coefficient having a singularity with respect to t, which was treated in Theorem 1.4 and Corollary 1.1.
Lemma 3.2. Let k be a positive integer. There exists a positive constant
C 0 = C 0 (k, E 0 (0)) 1 such
that the kth order derivative of Φ(t; v) is estimated as follows:
Φ (k) (t; v) C 0 k, E 0 (0) k j =1 E j/2 (t) j ,(3.
4)
where the summation is performed over
Here we shall call the value given in the left-hand side of (3.5) "order index."
Proof. By the Schwarz inequality, we have
By the energy conservation law, we also have
Analogously, we have the estimate Here we note that one can identify Φ (k) (t) for k 1 as a (k) (t) because of Φ(t) 1 and the uniform boundedness of Φ(t) due to the energy conservation law. Therefore, we regard that Φ (k) (t) as a (k) (t) in order to apply Corollary 1.1 from now on.
Let us define λ 0 (t) by
Then, for any given constant ε satisfying 0 < ε < T , there exists a constant
By Corollary 1.1, we have 
we obtain
for any t ∈ [0, T − ε] and |ξ | σ 1 . Here we can suppose that
without loss of generality. Let us denote 
for any ρ σ 2 , where
Moreover, from the continuity of E m/2,ρ (t) with respect to t, for any given σ 0 satisfying σ 0 σ 2 , there exists
for any ρ σ 0 . Let us prove now the existence of a constant σ 0 σ 2 such that T 1 (σ 0 ) for estimates (3.8) and (3.9) can arrive at T for any ρ ∈ {ρ j } satisfying ρ σ 0 ; which gives a contradiction for the existence of the blow-up times T of E m/2 (t). Let us consider estimate (3.8) . We choose the positive constants ε and σ 0 satisfying
.
By the energy conservation law, (3.8) and (3.9), we have
for any ρ σ 0 and t ∈ (T − ε, T 1 ], it follows from (3.7) and Gronwall's lemma that
Therefore, by (3.2) we obtain
for any ρ ∈ {ρ j } satisfying ρ σ 0 . Thus the estimate (3.8) holds uniformly with respect to T . Let us consider estimate (3.9) . By Lemmas 3.1 and 3.2, we have
where the summation of denotes all sum over satisfying (3.5) and P k (r) := k j =1 r j for r 0. From the definition of λ 0 (t) and (3.9), we have
, where we used the inequality P k (r) 1/k P 1 (r) for any k 2. Let us denote
By Corollary 1.1, we obtain
we have
for |ξ | ρ σ 3 and t ∈ [T −ε, T 1 ]. Consequently, by (3.7) and (3.10), we arrive at the following estimate:
for |ξ | ρ σ 3 Then we obtain 
